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Summary. Constrained anisotropic dipole oscillator strength distribution tech- 
niques are discussed and applied to obtain reliable results for a wide variety of 
the anisotropic and isotropic dipole properties of  H 2 and Ne. These include the 
dipole oscillator strength sums Sk, k = 2, 1, - 1 / 2 ( -  1 /2 ) -2 ,  - 3 , - 4  . . . . .  the 
logarithmic dipole sums Lk and mean excitation energies Ik, k = 2( - 1) - 2 ,  and, 
as a function of wavelength, the dynamic polarizability and the associated 
anisotropy, the total depolarization ratio, the Rayleigh scattering cross section, 
and the Verdet constant. The anisotropic components of  the DOSD for a 
molecule are obtained from a given recommended isotropic DOSD by using a 
constrained least squares procedure and a series of  known anisotropic con- 
straints. Assuming that sufficient input is available, the constrained DOSD 
approach used in this paper is the only available method for the reliable 
evaluation of all the relevant anisotropic and isotropic dipole properties for a 
wide variety of  atoms and molecules. 
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1. Introduction 

The construction of  globally reliable isotropic molecular dipole oscillator 
strength distributions (DOSDs), and their use in evaluating accurate results for 
a wide variety of  isotropic dipole molecular properties and in studying the 
additivity of  these properties, has been discussed in detail in the literature [ 1-7]. 
Assuming the required input is available, this constrained DOSD approach, from 
a practical viewpoint, is the only available method for the accurate evaluation of  
all the relevant isotropic dipole properties for all but the smallest molecules. To 
date some forty atoms and molecules have been studied using constrained DOSD 

* This research was supported by a grant from the Natural Sciences and Engineering Research 
Council of Canada 
** Associated with the Centre for Interdisciplinary Studies in Chemical Physics, University of 
Western Ontario 
*** On leave from Department of Physics, Meerut University, Meerut, India 



132 A. Kumar and W. J. Meath 

techniques (H, Li, N, O, H2, N2, 0 2, NO, NH3, H20, N20, CH4, CO, CO2, 
n-CsHzs+2 for 2 ~ s  ~<8, ethylene, propene, 1-butene, methanol, ethanol, n- 
propanol, OCS, CS2, SO2, Ne, Ar, Kr, Xe, HF, HC1, HBr, SF6, H2S , acetylene 
and benzene [1, 8-12, 2, 13, 14]). 

Part of the purpose of this paper is to discuss the reliable evaluation of 
anisotropic dipole molecular properties through an extension of the constrained 
isotropic DOSD approach. The extension is illustrated by applications to the 
properties of H2 and N2 and included in the discussion is a comparison of our 
results with a wide selection of available experimental and theoretical literature 
values. 

The relationship between the anisotropic components of a molecular DOSD 
and the anisotropic dipole properties of a given molecule, and their relationship 
with the corresponding isotropic DOSD and properties, are reviewed in Sect. 2 
for linear molecules (the explicit examples considered later are diatomic 
molecules (H2, N2) in Z ground states). The properties considered in this 
paper are the dipole oscillator strength sums Sk, k = 2, 1, - 1 / 2 ( -  1/2)-2,  - 3 ,  
- 4  . . . .  , the logarithmic dipole sums Lk and mean excitation energies Ik, 
k = 2 ( -  1 ) -  2, and, as a function of wavelength, the dynamic polarizability and 
the associated anisotropy, the total depolarization ratio, the Rayleigh scattering 
cross section, and the Verdet constant, for the given molecule. In general both 
the ( l ,  and II) anisotropic components, and the isotropic results, for the 
properties are considered. 

The constrained anisotropic DOSD approach is discussed briefly in Sect. 3; 
more details, with an application to the evaluation of the anisotropic dipole 
dispersion energies for interactions involving H2, N2 and rare gases, can be 
found in a recent paper [15]. The anisotropic DOSD for a given molecule is 
obtained, from the previously determined recommended isotropic DOSD, by 
using a constrained least squares procedure and a series of anisotropic con- 
straints; the constraints used for H2 and N 2 are summarized in Sect. 3.2. The 
results for the anisotropic components, and for the isotropic values, for all the 
dipole properties of H2 and N2 mentioned in the last paragraph, are presented in 
Sect. 4 where they are compared with selected experimental and theoretical 
literature results. A brief discussion of the importance of this paper, including an 
assessment of the reliability of the results for the dipole properties of H 2 and Nz, 
is given in Sect. 5. The relevance of some of the dipole properties is also 
discussed briefly in this section (see also Sect. 2). Results for the anisotropic 
dipole properties can be used to discuss the anisotropy, as a function of property 
and molecule, and this is illustrated by an example relative to the stopping and 
straggling of fast charged particles in H2 and N z. The (potential) use of reliable 
ab initio results for the anisotropic components of the dipole properties $2, Sa 
and S_a, all of which can be evaluated using only ground-state molecular 
wavefunctions, as anisotropic constraints is also stressed. 

Dedication. This paper is dedicated to the memory of Joe Hirschfelder, a superb 
scientist, a fine teacher, and a good friend. 

2. Relationship between anisotropie DOSDs and dipole properties 

A wide variety of important anisotropic dipole properties for a linear molecule 
can be evaluated provided reliable perpendicular (±-DOSD) and parallel 
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(H-DOSD) dipole oscillator strength distributions are available for the molecule 
of  interest [7, 15-19]. These include the perpendicular (~ = ±) and parallel 

= II) components of the dipole oscillator strength sums S~ and Lk, the related 
mean excitation energies ICk, and the dynamic polarizabilities ~c(c) of  the 
molecule, which are defined by: 

S~ = d E ( E / E . )  k(df ¢/dE) (1) 

L~ = dE(E/EH) k ln(E/El_l)(df~/dE) (2) 

I f  = E/_/exp(L~ ~St) (3) 

where k -- 2.5, 2, 1, 0, - 1 , . . .  and 

f; c~(e) = Erzao2 3 dE(df~/dE)(E 2 - E2) -1 (4) 
( 

Here the E¢ are the electronic absorption thresholds, and the (dfC/dE) are the 
differential dipole oscillator strengths at photon energy E, for the perpendicular 
(( = 2_) and parallel (~ = H) dipole-allowed transitions of the molecules of 
interest, E/4 is the Hartree of  energy, a o is the Bohr radius and e = he~2 is the 
energy associated with a photon of  wavelength 2. For a ground-state molecule in 
a S state, 11 and £ transitions correspond to ~ ~ S and S ~ / /  transitions, 
respectively. The relation between the anisotropic components of a dipole 
property for a linear molecule, and the rotationally averaged or isotropic value 
of  the property P (for L or S), is given by: 

p = [2p± + p l l ] / 3  (5) 

These properties find application in many areas of research. For example 
~ = a~S~_2 = c~c(e ~ 0) is the (-component of  the static dipole polarizability. The 
St ,  k = - 4 ,  - 6 ,  - 8 , . . . ,  are other moments of  the [[- and ±-DOSDs that 
occur in the Cauchy expansion of the components of  the frequency dependent or 
dynamic polarizability, or the molar refractivity (R~ = (4rc/3)N~¢(E) where N is 
Avogadro's number), of  the molecule [16, 19-21]. Also the (I~, S~), I¢o and 
(I¢_~, SO_l) are important for determining the straggling, stopping, and total 
inelastic scattering cross sections, respectively, for fast charged particles in 
matter, while the charge densities at the nuclei and Lamb shifts are related to the 
S~ and I~, respectively [1, 4, 22-26]. The anisotropy of a given molecular 
property can be discussed by comparing P, P± and P If 

There are several interesting dipole molecular properties that are related to 
the isotropic dynamic polarizability e(Q, and to its parallel and perpendicular 
components defined by Eq. (4). The total depolarization ratio for vertically 
polarized incident light, for a given molecule, is given by [16, 21, 27]: 

Q~r(e) = 37z(Q/(45~2(0 + 472(e)) (6) 

where the anisotropy of the dynamic polarizability Y(0 is defined by: 

~(0 = ~ II (E) - ~ ± ( 0  ( 7 )  

The Rayleigh scattering cross section is given by [7, 16, 28]: 
128n 5 

QRay(E) = 924 [30~2(E)+27Z(£)] (8) 
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Isotropic molecular dipole properties can be evaluated directly from the 
isotropic dipole oscillator strength distribution (DOSD) for a molecule. For 
example: 

Sk = d E ( E / E n ) k ( d f / d E )  (9) 
o 

Lk = d E ( E / E n )  k l n ( E / E n ) ( d f / d E )  (10) 
o 

Ik = Ez exp(Lk/Sk) (11) 

and 

~(e) 2 3 d E ( d f / d E ) ( E  2 62)--1 = El-iao - (12) 
o 

where E0 is the electronic absorption threshold for the molecule and ( d f / d E )  is 
the isotropic differential dipole oscillator strength at photon energy E: 

d f / d E  = [2 (d f±/dE)  + (dfl l /dE)]/3 (13) 

Two other isotropic properties, related to ~(Q, are of particular interest in what 
follows. The isotropic molar refractivity, Rz, relates the refractive index of the 
molecule to the isotropic dipole polarizability: 

1 rt 2 -  1 4n 
R~ - n 2 - N~(e) (14) 

Q + 2  3 

where O is the molar density and n(2) is the refractive index of the gas. The 
Verdet constant [7, 29-31], which arises in the Faraday effect, is given, in units 
of micro-minutes (orstead cm) - 1, by: 

V(e) = r[ 1.00842 × 1066(dn/dE)] (15) 

The derivation of this result by Becquerel [32] applies to atoms and corresponds 
to r = 1; for molecules the coefficient r varies between 1 and 0.5 [29]. The 
derivative of the refractive index with respect to e in Eq. (15) can be evaluated 
in terms of the DOSD through use of Eq. (14) and ( n Z - 1 ) / ( n a + 2 ) , , ~  
(2/3)(n - 1); 

e (dn /&)  = 4 n N ~ e ~ a 3 E  2 d E ( d f / d E ) ( E  2 _ E2) -z 
o 

(16) 

In order to evaluate the various molecular dipole properties discussed in this 
section, reliable isotropic and anisotropic DOSDs are required. While it is 
extremely difficult to construct DOSDs that are accurate point by point as a 
function of photon energy, it is feasible to do this in a more global sense if 
appropriate input data is available. The resulting DOSDs yield reliable results 
for a wide variety of dipole properties. The construction of (globally) reliable 
isotropic DOSDs has been discussed extensively in the literature [ 1-3, 6-13]; the 
analogous problem for the anisotropic components of the DOSD is the subject 
of the remainder of this paper (see also [15]). 
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3. Construction of anisotropie DOSDs 

Due to an essentially universal lack of symmetry analyzed dipole oscillator 
strength data as a function of excitation energy, the methods developed for the 
construction of isotropic molecular DOSDs require modification with respect to 
the construction of the anisotropic components of the DOSD. This modification 
has been discussed previously [15] and it will be reviewed briefly here for the .L- 
and [[-DOSDs associated with linear molecules in S ground states. 

3.1. Method of construction 

The input data consists of the recommended (adopted) isotropic DOSD for the 
molecule and several known values of certain ± and [I dipole properties which 
serve as anisotropic constraints. The molecules H2 and N2 will be considered as 
explicit examples in what follows. 

To construct the (-component (( = ± or H) of the DOSD the energy 
spectrum for the isotropic DOSD, starting from the (-absorption threshold 
E¢, is divided into n intervals. The (df¢/dE) is related to (df/dE) in each interval 
by 

(df~/dE)=(l+b~)(df/dE), Ei<~E<~E,.+I , i = l , 2 , . . . , n  (17) 

and such that the complete (-DOSD satisfies the specified constraints through 
the choice of the b}. 

The constraints used are furnished by the Thomas-Reiche-Kuhn  sum rule 
[23-25], SO0 = Z where Z is the number of electrons in the molecule, and by 
known values of other St  or related properties. The constraints are written as a 
sum of n terms, one for each b} occurring in Eq. (17), and the parameters b} are 
determined by constrained least squares methods discussed in detail previously 
[1, 15]. 

3.2. Anisotropic DOSDs for H2 and N 2 

The recommended isotropic DOSDs of Zeiss et al. [ 1] are used to help construct 
the _1_- and [I-DOSDs for the H2 and N2 molecules and the intervals 
(i = 1, 2 . . . . .  n) occurring in Eq. (17) are identical to those employed in con- 
structing the original isotropic DOSDs. The electronic absorption thresholds are 
taken from Huber and Herzberg [33] and are E± = 12.292 and 12.500 eV and 
ELI = 11.183 and 12.926 eV, respectively, for H2 and N 2. 

In addition to S~- = So II = Z ( = 2  and 14 for H 2 and N2, respectively) the 
following constraints were employed in the construction of the _1_- and II-DOSDs 
for H 2 and N2, respectively: 

S~-(H2) = 4.077, $2 II (H2) = 2.925 (18a) 

SiL(H2) = 1.831, S~ I (H2) = 1.442 (18b) 

Sz_~(H2) = 2.881, S II l(H2) = 3.525 (18c) 

S~2(H2) = 4.752, S~2(H2) = 6.794 (18d) 
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and 

S~(N2) = 1.232 × 10 4, 

S((N2) = 139.5, 

S&- 1 (N2) = 8.806, 

~±(N2, 2 = 6328/k) = 10.34a 3, 

S/I (N2) = 1.226 × 104 (19a) 

S~ t (N2) = 135.0 (19b) 

S~1(N2) = 10.840 (19c) 

II (N2, 2 = 6328/k) = 15.02a 3 (19d) 

The evaluation and/or selection of these constraints has been discussed recently 
in detail [15]. The most reliable literature values for the relevant anisotropic 
dipole properties of H2 and N 2 have been used for this purpose, see refs. 
[16-18, 34-38] and [27, 34, 36, 39-41], respectively, and the least squares con- 
straint procedure has, in some cases, been used in an iterative fashion to achieve 
a reliable self-consistent set of constraints that yield the recommended results [ 1] 
for the corresponding isotropic dipole properties through Eq. (5). 

The final _1_- and ][-DOSDs for H 2 and N2 were obtained by using the 
constrained least squares method discussed briefly above with Eqs. (18) and (19), 
respectively, as anisotropic constraints. The resulting DOSDs are represented by 
a set of data points, with interconnecting interpolating functions, as discussed in 
detail, for isotropic DOSDs, in the literature [1]. The _1_- and II-DOSDs were 
used to evaluate the various anisotropic and isotropic dipole properties discussed 
in Sect. 2 for He and N2 and a detailed comparison of these results, with selected 
literature values, is given in the next section. 

A convenient discrete representation of the _1_- and II-DOSDs for H2 and N 2 
can be found in [15]. These were obtained through the use of pseudo-DOSD 
techniques [2, 42, 43] and consist of ten _1_- and II-pseudo states for each molecule 
obtained by requiring agreement between the S~- and Sk Ir , k =--17(1)2,  ob- 
tained directly from the original _1_- and II-DOSDs and those obtained from their 
pseudo-DOSD representations. The original point by point [(dfC/dE) vs. E] 
representations of the anisotropic H 2 and N2 DOSDs are also available [44]. 

4. Anisotropic dipole properties of H 2 and N 2 

The recommended results for the various dipole properties of H 2 and N 2 a r e  
summarized in Tables 1-10 which also contain selected literature values for the 
properties that have been obtained using a variety of techniques. Included in the 
literature results for the isotropic properties are those obtained from the original 
adopted isotropic DOSDs for H2 and N2 of Zeiss et al. [1]. 

4.1. Dipole sums, logarithmic sums and mean excitation energies 

4.1.1. Molecular hydrogen. The S~ and S/I , and the Sk, all for 2 >~ k f> - 8, are 
tabulated in Tables 1 and 2, respectively, while the corresponding logarithmic 
sums and mean excitation energies, for 2 >i k >~ - 2, are listed in Table 3. 

The values obtained by Victor and Dalgarno [7] for S~-, S~ I , and Sk, k < 0, 
are in very good agreement (within 0.1 to 2%) with those obtained here. Their 
work was a very early example of the construction of anisotropic DOSDs by 
constraining anisotropic dipole oscillator strength data to satisfy sum rules. As 
noted by them, their effective DOSDs give an inadequate representation of the 
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Table 1. Comparison of the DOSD results for the anisotropic components St  of the dipole sums Sk, 
defined by Eq. (I), for H2 with selected literature values 

k ~ This work Victor and Langhoff Meyer [37] Ford and Martin 
Dalgarno [7] et al. [19] Browne [16] et al. [45] 

2 ± 4.077 a 1.93 
jp 2.925~ 082 

1 ± 1.831 a 1.674 
II 1'4424 1.214 

0 ± 2.000 a 2.000 
II 2"000~ 2.000 

--1/2 ± 2.347 
Ill 2.612 

- 1 ± 2.881 ~ 2.913 
][ 3.525 ~ 3.580 

--3/2 ± 3.654 
1[ 4.859 

--2 ± 4.752 a 4.774 
I1 6-7944 6.803 

- 3  L 8.479 8.433 
II 1.366(1) 1.348(1) 

- 4  ± 1.590(1) 1.567(1) 
I] 2.815(1) 2.755(1) 

- 5  ± 3.078(1) 
II 5.893(1) 

- 6  ± 6.097(1) 
II 1.248(2) 

- 8  ± 2.501(2) 
I[ 5.735(2) 

2.000 2.005 
2.000 2.002 

2.876 
3.573 

4.743 4.732 
6.831 6.827 

1.676(1) 1.581(1) 
2.654(1) 2.798(1) 

4.025 2.851 
4.011 1.639 
1.768 1.835 
1.379 1.330 
2.004 2.002 
1.989 1.994 

2.825 2.841 
3.445 3.478 

4.569 4.613 
6.352 6.478 

1.486(1) 
2.503(1) 

6.79(1) 6.049(1) 5.466(1) 
1.09(2) 1.248(2) 1.045(2) 
2.91(2) 2.464(2) 
4.68(2) 5.818(2) 

a Used as constraints in the construction of the 4-  and II-DOSDs for H z 

Table 2. Comparison of the DOSD results for the isotropic dipole sums Sk, obtained through Eq. (5) and 
our recommended St  of Table 1, for H2 with selected literature values 

k This work Victor and Langhoff Zeiss Meyer [37] Ford and Martin Geertsen 
Dalgarno [7] et al. [19] et al. [1] Browne [16] et al. [45] et al. [46] 

2 3.693 1.56 3.771 4.020 2.447 2.510 
1 1.701 1.521 1.676 1.638 1.666 1.664 
0 2.000 2.000 2.000 2.000 2.004 1.999 1.999 2.000 
- 1/2 2.435 2.440 
- -  1 3.096 3.135 3.100 3.108 3.032 3.053 3.054 
-- 3/2 4.056 4.057 
--2 5.433 5.450 5.439 5.428 5.430 5.163 5.234 5.228 
- 3  1.021(1) 1.012(1) 1.018(1) 9.551 
--4 1.998(1) 1.963(1) 2.002(1) 1.996(1) 1.987(1) 1.825(1) 1.817(1) 
- 5  4.017(1) 4.027(1) 3.553(1) 
--6 8.224(1) 8.16(1) 8.294(1) 8.193(1) 7.129(1) 7.077(1) 
- 8  3.579(2) 3.50(2) 3.670(2) 3.582(1) 
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Table 3. Comparison of the DOSD results for the anisotropic components Leg and ICk of the logarithmic 
dipole sums Lk and average energies Ik, and their isotropic averages defined by Eqs. (5) and (11) 
respectively, for H2 with selected literature values. The Ik are given in units of eV. Victor and Dalgarno [7] 
obtained I o = 18.6 eV 

Anisotropic (this work) Isotropic 

Property ~ = _1_ ~ = I1 This work Zeiss 
et al. [1] 

Ford and Geertsen 
Browne [16] a et al. [46] a 

L 2 8.420 6.832 7.891 8.825 
L 1 2.896( -- 1) - 1.144( - 1) 1.549( - 1) 1.141( -- 1) 
L 0 --5.279( - 1) -9.783( -- 1) -6.780( -- 1) --6.908( - 1) 
L_ 1 -- 1.285 -2.198 - 1.589 - 1.586 
L _ 2 - 2.595 - 4.632 - 3.274 -- 3.260 

12 2.146(2) 2.813(2) 2.305(2) 2.825(2) 4.466(1) 1.297(1) 
I~ 3.187(1) 2.514(1) 2.981(1) 2.913(1) 2.539(1) 2.931(1) 
I o 2.090(1) 1.668(1) 1.939(1) 1.926(1) 1.921(1) 1.912(i) 
1 1 1.742(1) 1.459(1) 1.629(I) 1.631(1) 1.643(1) 1.635(1) 
1_2 1.576(1) 1.376(1) 1.490(1) 1.493(1) 1.503(1) 

a Their mean excitation energies include the effects of vibrational and rotational averaging 

higher energy por t ion o f  the absorpt ion spectrum and therefore yields poor  
results for dipole sums like $1 and $2 which are dominated  by this par t  o f  the 
DOSD.  

Also given in Tables 1 and 2 are results for k = - 8 ( 2 ) 0 ,  due to Langhof f  et 
al. [19], based on Pad6 approximate  and related bounding  techniques. For  
k = - 2  their results are in excellent agreement (within 0.5%) with those o f  this 
paper. However,  for the other values o f  k < 0 their S~- values are 5 to 14% too 
high, while their S~ I are 6 to 23% too low and hence their predicted anisotropies 
in these dipole sums are much smaller than our  recommended values for the 
(Sk II - S~) .  The discrepancies between the two sets o f  results generally increases 
with decreasing k and the estimated errors [19] in the Pad6 calculations are 
+ ( 5 - 1 0 ) %  for k = - 2  and - 4  and +_ 15% for k = - 6  and - 8 .  It  is interesting 
to note that, because o f  a cancellation o f  errors, the anisotropic SCk of  Langhof f  
et al. [19] yields results, th rough Eq. (5), for the isotropic Sk that  agree well (to 
within 2%) with our  values for k = - 4 ,  - 6 ,  - 8 .  

The agreement (Table 2) between the recommended isotropic dipole sums Sk 
of  this paper  and those o f  Zeiss et al. [1] is excellent for all k and well within the 
estimated errors in the original isotropic calculations. 

Use has already been made o f  the precise ab initio results for the S~_z, due 
to Bishop and Cheung [17] and Rychlewski [18], as constraints (see 18(d)) in the 
construct ion o f  the anisotropic D O S D s  for H2. Other  ab initio results for the S t  
and Sk are listed in Tables 1 and 2. 

The most  extensive set o f  ab initio results for k ~< 0 is due to Meyer  [37] and 
his values for the S t  and the Sk agree wi th  our  recommended results to within 
1.5% and .6%, respectively, for c o m m o n  values o f  k. The ab initio results for S~_1 
and S [I 1 d u e  to Wolniewicz [38] are ,-~. 1% and ~ .8 % lower than those o f  Meyer  
[37]. Meyer 's  values include the effects o f  rotat ional  and vibrational averaging, 
whereas all the other ab initio results listed in Tables 1 -3 ,  except for the mean  



Constrained anisotropic DOSD techniques: Ha and N 2 139 

excitation energies lk, are for the internuclear distance held fixed at the equi- 
librium value. As discussed by Ford and Browne [16], these effects can be 
significant and, for example, can increase S_2 by ~ 4 %  and decrease I0 by 

1.6%. Their vibrationally and rotationally averaged results for k = - 2  are 
Sx2 = 4.738, S~2 = 6.743 and S_2 = 5.406. 

Ab initio results for the St  and Sk, for k > 0 as well as k < 0, have been 
obtained by Ford and Browne [16] and by Martin et al. [45]. For k < 0 these 
results are generally inferior to those of Meyer [37] and some of the discrepancies 
are due to the neglect of vibrational and rotational averaging effects in [16, 45]. 
For k > 0 the ab initio results are of variable quality. For example, the random 
phase approximation values of Martin et al. [45] agree with our values to within 
0.2% and - 8 %  for S~ and S~ r , respectively; their results for the S~ are much 
too low. On the other hand, Ford and Browne's [16] value for S~- agrees with 
our recommended result to within - 1 . 3 %  whereas their result for S/I is ~27% 
too high; the analogous values for the S~ are lower than our results by ~4%.  
The ab initio results of Geertsen et al. [46], evaluated using the polarization 
propagator method and available only for the isotropic sums Sk for k = - 6 (  1)2, 
are between 1.4 to 47% lower than our values with the best agreement occurring 
for k = 1 ( - 2 % )  and k = - 1 ( -  1.4%); their So = Z. 

Apparently there are no literature values available for the 3_- and [[-compo- 
nents of the logarithmic dipole sums Lk and the mean excitation energies I k. The 
isotropic mean excitation energy for stopping, I0, obtained here agrees well with 
the isotropic DOSD result of Zeiss et al. [1] and with the ab initio calculations 
of Ford and Browne [16], and Geertsen et al. [46], and all these results agree well 
with the value of 19.2 eV obtained by Gerhart [47] through the use of semiempir- 
ical DOSD methods; the result of Victor and Dalgarno [7] is ,,~4% too low. It 
should be noted that the ab initio values of all the mean excitation energies in 
Table 3 do include the effects of vibrational and rotational averaging. 

For k < 0 all the Ik results given in Table 3 agree to within 1% with each 
other. The agreement for the straggling mean excitation energy 11 is to within 2% 
except for the value obtained by Ford and Browne [16] which is ~ 17% too low. 
For Iz there is substantial disagreement between the values listed. The ab initio 
results due to Ford and Browne [16] and Geertsen et al. [46] disagree by ,-~48% 
and - 7 8 % ,  respectively, with respect to our result which itself is ~ 18% lower 
than the isotropic DOSD value obtained by Zeiss et al. [1]. 

It is interesting to note that while our results for the Sg agree well with those 
of Zeiss et al. [ 1], those for some of the Lk and for 12 do not. The reason for this 
is associated with the different photon energy dependencies of the Lk relative to 
the Sk and because the L k have negative contributions, for E < 27.2 eV arising 
from the factor ln(E/EI~) occurring in (2); the contributions to the Sk, for all E, 
are of course positive. These features of the logarithmic dipole sums, relative to 
the Sk, have been discussed in detail by Kumar and Meath [12]. 

For k = 2 the dipole properties are dominated by the high energy portion of 
the DOSD, more so for L2 than for $2; the contributions from E ~> 100 eV to L 2 

and $2 are ~95% and ~ 56%, respectively, with the negative contribution to L2 
being only ~ 3 %  of the positive contribution. Thus L2 is much more sensitive 
than $2 to the constraints placed on the high energy portion of the DOSD. In the 
construction of the isotropic DOSD of Zeiss et al. [ 1] only the constraint So = Z 
was used for this purpose; this has been augmented in our work by also using 
known values of S~ and $2 as constraints ([ 15], see Sect. 3). The effects of the 
different constraints is ~ 2 %  for $2 and ~ 10% for L2. 
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The situation is considerably different for k = 1. Here the negative contribu- 
tion to L1 is ,-~75% of the positive one leading to a very small positive value of 
LI. Hence the effects of the differences between the isotropic DOSD of this paper 
and that of Zeiss et al. become magnified (to 35%) in the property L 1 . For k = 0, 
the magnitude of the negative contributions to L0 is ~4.7 times the positive 
contribution. This leads to a negative small value of L0 which is dominated by 
the low energy part of the DOSD which is not strongly effected by the values of 
Sj and $2 used to help constrain the DOSDs constructed here, The disagreement 
between our L0 value and that of Zeiss et al. [1] is only ~2%. As k decreases to 
- 1  and - 2  the Lk values increase, in a negative sense, and the discrepancies 
between the two sets of isotropic DOSD values become small (~< .4%). 

The results for the mean excitation energies in Eq. (11) depend on the factor 
exp[Lk/Sk] and therefore depend on the ratio of the two different types of dipole 
sums. The exponential function is not a sensitive function of the ratio if (Lk/Sk) 
is small which is the case for k = 1. For k =2,  L2/$2=2.137 and 2.340, 
respectively, for our results versus those of Zeiss et al. [1], leading to a 
discrepancy of ,-~18% in the corresponding values of I z. For k =  1, L1/ 
$1 = .0911 and 0.0681, respectively, leading to a difference of only 2% (whereas 
the discrepancy in L1 was ,-~35%). 

The recommended values of the isotropic dipole sums obtained in this paper 
are to be preferred to those of Zeiss et al. [1] for the dipole properties (k = 2, 1) 
dominated by the higher energy portions of the DOSDs. 

4.1.2. Molecular nitrogen. Generally speaking, far fewer high-quality calculations 
of the dipole properties of N2 are available relative to H 2. Our results for the SCk 
and the Sk are listed in Table 4, those for the LCk, I~k, Lk and Ik in Table 5. 

The Pad6 approximate results of Langhoff et al. [19], for the S~k and the Sk, 
agree with our results to within 5% and 3%, respectively, for k = -8(2)  - 2  with 
the agreement improving with increasing k and the results for the S~ I being 
slightly more reliable than those for the S~-; the discrepancies between the two 
sets of results are far less than the estimated errors [19] (+_ 5-10% for S_2 and 
S_4, + 15% for S_6 and S_8) in the Pad6 calculations. 

The ab initio calculations for the S¢_2 and S_2 due to Maroulis and Thakkar 
[40] and Langhoff et al. [41], namely S~_2 = 10.13 and 10.19, S~2---14.77 and 
14.76 and S_2 = 11.68 and 11.71, respectively, are in excellent agreement with 
our results. Indeed these ab initio results were used to help assess the reliability 
of the constraint of Eq. (19d) as discussed in some detail in Meath and Kumar 
[15]. The ab initio results do not include the effects of vibrational and rotational 
averaging. These effects have been estimated by Maroulis and Thakkar [40], 
using the polarizability derivatives of Langhoff et al. [41], and are relatively small 
( +  ~0,02 and ~0.07 for S ~  2 and SI[2, respectively). 

The multiple scattering technique has been used by Kosman and Wallace [39] 
to construct a representation of the entire oscillator strength distribution of N2 
(without including the effects of vibrational and rotational averaging). The 
corresponding results [39] for the S~, k = -2(1)2, and the Sk, k = --6(1)2, are 
in excellent agreement with our recommended values for k = 1, 0. For all other 
values of k, as recognized by Kosman and Wallace [39], the multiple scattering 
results are much too high. 

There are relatively few literature results for the logarithmic dipole sums and 
the mean excitation energies listed in Table 5, especially for their anisotropic 
components. The isotropic results obtained by Kosman and Wallace [39] are in 
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Table 5. Comparison of the DOSD results for the anisotropic components L~ and l~k of the 
logarithmic dipole sums Lk and average energies Ik, and their isotropic averages defined by Eqs, (5) 
and (11), respectively, for N2 with selected literature values. The I k are given in units of eV 

Anisotropic (this work) Isotropic 

Property ~ = .k ~ = I[ This work Zeiss Kosman and 
et al. [1] Wallace [39] 

L z 7.661(4) 7.645(4) 7.655(4) 7.682(4) 1.210(5) 
L 1 4.707(2) 4.603(2) 4.672(2) 4.675(2) 4.688(2) 
L o 1.618(1) 1.394(1) 1.543(1) 1.541(1) 1.459(1) 
L 1 3.015(--1) -1.806 -4.008(--1) -3.915(--1) --3.995 
L_2 - 2.900 -- 6.091 - 3.964 -- 3.980 -- 1.431(1) 

12 1.365(4) 1.389(4) 1.374(4) 1.402(4) 7.757(4) 
11 7.945(2) 8.231(2) 8.036(2) 8.047(2) 7.979(2) 
I o 8.642(1) 7.364(1) 8.192(1) 8.184(1) 7.736(1) 
I_ 1 2.816(1) 2.304(1) 2.609(1) 2.611(1) 1.928(1) 
1 2 2.048(1) 1.803(1) 1.941(1) 1.939(1) 1.340(1) 

good agreement with our values only for k = 1, 0. For  example, the multiple 
scattering results for 11, Io and I_1 are ,,~0.7%, ,-~6% and ~ 3 5 %  lower, 
respectively, than the recommended values. The results for the Lk and Ik 
obtained from the recommended isotropic DOSD for N 2 of Zeiss et al. [ 1] agree 
very well with our values and the stopping power average energy Io = 81.9 eV is 
in agreement with the value adopted by the International Commission on 
Radiation Units and Measurements [48]. 

Aside from S_8, where the disagreement is ,-,6%, all our isotropic dipole 
properties of  N 2 agree very well with those evaluated from the adopted DOSD 
for N2 of Zeiss et al. [1]. 

4.2. Dynamic dipole polarizabilities and their anisotropies 

4.2.1. Molecular hydrogen. Our results for the dynamic dipole polarizability ~(e), 
and its anisotropy V(~), for H2, as a function of wavelength (2 = ~ ,  
6328.0A>~2 >~ 1215.7/~), are compared in Table 6 with selected literature 
values. All the ab initio calculations quoted have taken vibrational and rotational 
averaging effects into account. 

For  ~(e) there is excellent agreement, for all common wavelengths, between 
our results and the constrained DOS values of  Victor and Dalgarno [7], the very 
accurate ab initio calculations of  Bishop and Cheung [17], and the experimental 
results of  Koch [49] and Kirn [50], with errors of  ~<.2% [51], and Gill and 
Heddle [52] (experimental error 2%). The maximum discrepancies between our 
values and those of the other authors are, respectively, ~<.3%, ~<.08% except at 
2 = 1215.7 ~ where it is .5%, and ~<.3% except at ). = 1215.7/k where the 
disagreement with Gill and Heddle is .5%. The ab initio calculations of  Meyer 
[37] and Rychlewski [18], carried out for fewer wavelengths and not included in 
Table 6, are in excellent agreement with the results listed in Table 6 except at 
2 = 1215.7/~ where Rychlewski's result is 1.5% higher than our value; at 
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2 = 1215.7/~, Meyer's value agrees with our result to within .07%. Aside from 
this value of 2, Rychlewski's [18] and Bishop and Cheung's [17] values are 
almost in precise agreement for common wavelengths. The earlier ab initio 
results of Ford and Browne [16] are consistently lower than the values of ~(e) 
given in Table 6 by between .5% and 1.5%. 

MacAdam and Ramsey [53] have measured the polarizability anisotropy at 
zero frequency by using beam-magnetic resonance methods to obtain 
7(2 = oo) = 2.035 + 0.003. Our result, and those of Victor and Dalgarno [7] and 
Bishop and Cheung [17], agree well with the experimental result (see Table 6) 
but only the latter agrees within the quoted (small) experimental uncertainty. 
The ab initio calculation of Rychlewski [18] agrees precisely with our DOSD 
value. 

Bearing in mind that the anisotropy of the dipole polarizability is generally 
more difficult to calculate accurately than ~(E), the agreement between the ab 
initio calculations of Bishop and Cheung [17] and our results is remarkable, 
within .7% for all wavelengths quoted in Table 6 except for 2 = 1218.7/k where 
our result is 3.7% lower than the ab initio value. The agreement with Victor 
and Dalgarno [7] is also very good, being to within 1.2% except at 
2 = 1215.7/~ where it is 3%. Our values of 7(e) are also in excellent agreement 
(~<.3% except at 2 = 1215.7 A where it is 6.5%) with the more limited ab initio 
calculations of Rychlewski [ 18], which are included in Table 6 for 7(e). Indeed, 
aside from 2 = 1215.7/k, Rychlewski's results are in closer agreement with our 
values than are those of Bishop and Cheung [17]. The ab initio results of Ford 
and Browne [16] disagree with the values reported in Table 6 by ~ 2 - 3 %  as a 
function of wavelength. 

Another type of dipole polarizability anisotropy, ~:(Q -- 7(e)/(3~(e)), has 
been measured for H2 at the single wavelength 2 = 6328 A by Bridge and 
Buckingham [27]. Our result of 0.127 is in excellent agreement with the experi- 
mental value x(2 = 6328/l) = 0.128 + .002; the values of x corresponding to 
the other relevant data [7, 17, 18] in Table 6 are 0.126, 0.126 and 0.127, 
respectively. 

4.2.2. Molecular nitrogen. The DOSD results for ~(e) and 7(E) are compared 
with literature values in Table 7 over the wavelength domain 2 = o% 
9787.2A >_-2 >~ 1139.0A. Our calculations provide the only data for a signifi- 
cant number of wavelengths in this region. 

The results of this paper for the dynamic polarizability of N2 are in 
excellent agreement (to within .1%) with the experimental data of Peck and 
Khanna [54] (errors <~.03%) for all common wavelengths. The Pad6 approxi- 
mant based values of Langhoff [55] agree, within their quoted errors, with our 
results for ~(e) and 7(Q. The ab initio second order polarization propagator 
approximation results for a(e) and 7(~), due to Stroyer-Hansen and Svendson 
[56], are consistently lower than our DOSD values by ,-,1.5% and ~11%, 
respectively, for common wavelengths. The SOPPA results are for a fixed 
internuclear separation but it seems unlikely that the effects of vibrational and 
rotational averaging could account for the discrepancies with the other results 
in Table 7 °(see Sect. 4.1.2.). The value for the anisotropy parameter ~(c) for 
2 = 6328.0 A calculated from our results, r = 0.131, agrees precisely with the 
experimental results of Bridge and Buckingham [27] since their result for the 
corresponding depolarization ratio 0f  was used as a constraint for the con- 
struction of the Nz-DOSDs. 
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4.3. Total depolarization ratios 

In Table 8, we list our results for the total depolarization ratio Or, as a function 
of wavelength for 6328.0/~ >/2 >/1215.7/~, for H2 and N 2. Available literature 
experimental values are included in the table for N2. 

4.3.1. Molecular hydrogen. For H2 our result at 2 = 6328.0/~ agrees well with 
that of Bridge and Buckingham [27], 100 Or = 0.9703 _ .03, obtained by using 
Eq. (6) and their value of x = y/(3~) at this wavelength. The measurement of 
Rowell et al. [57] at 4880/~, 100 Q~ = 0.954 __..003, is ~ 1.5% lower than our 
DOSD value. As our results for ~(E) and Y(0 are in excellent agreement with the 
very reliable ab initio calculations of Bishop and Cheung [17], and Rychlewski 
[18], see Sect. 4.2.1, the error assigned to the experimental measurement is 
probably too small. Ford and Browne [ 16] have also discussed the depolarization 
ratios for He in some detail and the results for 100 Q[ =0.926 and 0.940, 
obtained from their calculated ~(e) and y(e) at 2 = 6328.0 A and 4880 A, respec- 
tively, are considerably too low. 

4.3.2. Molecular nitrogen. For N2, a number of experimental measurements are 
available. We reproduce the accurate (error .5%) results of Bridge and Bucking- 
ham [27] at ~ = 6328.0 A since it was used to establish the constraints of Eq. 
(19d) employed in the construction of the anisotropic DOSDs for N2 through the 
use of a very reliable value of ~(2 = 6328.0/~). The more recent measurements of 
Baas and Van den Hout [58] at 2 = 6328.0/~ and 5145/~ agree, with their 
quoted error of 3%, with Bridge and Buckingham and our results. Our values, 
for 2 = 5148 ]k, 4880 ~ and 4579/~, are ,,~3.5% to 5% lower than the results of 
Alms et al. [21] whose quoted experimental errors are --~2-3%. A rough 
extrapolation of their results to 2 = 6328 A suggests a value of Qf considerably 

Table 8. Comparison of  the DOSD results for the total depolarization ratio 0 f  for H 2 and N 2, as a 
function of wavelength, with experimental literature values (for the H 2 literature values, see main 
text). The results are quoted as 100e~ in the table 

H2 N2 

2//~ This work This work Alms et al. [21] Baas and Van Rowell 
den Hout  [58] et al. [57] 

6328.0 9.528( -- 1) 1.018 
5462.3 9.608( -- 1) 1.022 
5148.0 9.648( - 1) 1.024 
5145.0 9.649( -- 1) 1.024 
4880.0 9.689( - 1) 1.026 
4579.0 9.744( - 1) 1.028 
4359.6 9.792( -- 1) 1.031 
4047.7 9.875( -- 1) 1.035 
3342.4 1.017 1.048 
2302.9 1.132 1.098 
1990.5 1.221 1.132 
1862.7 1.278 1.153 
1600,0 1.473 1.214 
1400.0 1.799 1.290 
1215.7 2.684 1.397 

1.06 ± 0.02 

1.07 _+ 0.02 
1.08 + 0.03 

1.00 + 0.03 

1.01 + 0.03 
1.08 + 0.01 
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Table 9. Comparison of the DOSD results for the Rayleigh scattering cross sections QRay(E) for Hz and N 2, 
as a function of wavelength, with literature results. The results are given in units of 10 -27 cm 2 

Molecular hydrogen Molecular nitrogen 

2//~ This work Victor and Langhoff Martin 2//~ This work Dalgarno 
Dalgarno [7] [55] et al. [45] et al. [28] 

6328.0 5.661( - 1) 5.69( - 1) 5.23( - 1) 9000.0 6.310( - 1) 6.10( - 1) 
5462.3 1.034 1.04 1.04 ± 0.00 9.53( - 1) 8000.0 1.014 9.80( - 1) 
4359.6 2.628 2.64 2.64 _ 0.01 2.42 7000.0 1.740 1.69 
4079.0 3.472 3.48 3.48 __+ 0.01 3.19 6328.0 2.618 
4047.7 3.586 3.60 6000.0 3.249 3.14 
3342.4 8.090 8.11 8.09 ± 0.02 7.42 5500,0 4.628 4.47 
2968.1 1.356(1) 1.36(1) 1.353(1) ± 0.04 1.24(1) 5462.3 4.759 
2753.6 1.891(1) 1.89(1) 1.882(1) ± 0.05 1.73(1) 5148.0 6.060 
2535.6 2.745(1) 2.75(1) 2.724(1) _ 0.07 5000.0 6.828 6.60 
2379.1 3.683(1) 3.68(1) 3.35(1) 4880.0 7.541 
2302.9 4.291(1) 4.29(1) 4.241(1) ±0.12 3.89(1) 4500.0 1.052(1) 1.02(1) 
1990.5 8.725(1) 8.70(1) 4000.0 1.709(1) 1.65(1) 
1935.8 1.005(2) 1.00(2) 9.821(1) ± 0.30 9.02(1) 3000.0 5.714(1) 5.52(1) 
1862.7 1.227(2) 1.220(2) 2000.0 3.448(2) 3.34(2) 
1854.6 1.256(2) 1.250(2) 1.222(2) ± 0.4 1.12(2) 1700.0 7.582(2) 7,36(2) 
1700.0 2.016(2) 2.000(2) 1.78(2) 1600.0 1.036(3) 1.00(3) 
1600.0 2.864(2) 2.840(2) 2.51(2) 1500.0 1.468(3) 1.43(3) 
1500.0 4.277(2) 4.240(2) 3.70(2) 1400.0 2.181(3) 2.08(3) 
1400.0 6.849(2) 6.800(2) 5.81(2) 1300.0 3.472(3) 3.43(3) 
1300.0 1.224(3) 1.220(2) 1.00(3) 1215.7 5.577(3) 5.62(3) 
1215.7 2.323(3) 2.350(3) 1.79(3) 

higher  than  the accura te  result  o f  Bridge and Buckingham.  M o r e  recent  measure-  
ments  [59], involving the same g roup  and molecules  in c o m m o n  with [21], 
indicate  tha t  the results  o f  A lms  et al. [21] are p r o b a b l y  too  high by ~ 2 - 3 % .  
The  value  o f  ~ ,  at  2 = 4880/~,  due to Rowel l  et al. [57] is higher  than  tha t  o f  
A lms  et al. [21]. 

4.4. Rayleigh scattering cross sections 

The Rayle igh  scat ter ing cross sections QRay(£) ob ta ined  by  using Eq. (8) and  our  
results  for  a(e) and  7(0 are  given in Table  9, as a funct ion  o f  wavelength,  for  H 2 
and  N2. Inc luded  in the table  are ca lcula ted  l i tera ture  results; appa ren t ly  no 
exper imenta l  values are  avai lable .  QRay(E) is o f  interest ,  for  example ,  in as t ro-  
physical  app l ica t ions  [16, 60, 61]. 

4.4.1. Molecular hydrogen. F o r  H2 our  results agree wi th  Vic tor  and  D a l g a r n o  
[7], to well within 1%, over  the whole  range  o f  wavelengths  considered.  The 
cross sections due to Langhof f  [55] are  in essential  agreement  with these values 
for  2 ~> 2753.6 ik but  as 2 decreases the discrepancies  become significant.  The  
r a n d o m  phase  a p p r o x i m a t i o n  ca lcula t ions  o f  M a r t i n  et al. [45] are  much  too  low 
for  all the re levant  wavelengths .  A significant pa r t  o f  the d iscrepancy between 
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their values, and the other results, arises because their calculations are carried 
out at a fixed value of the internuclear distance. The neglect of vibrational and 
rotational averaging leads to results for e(c) that are too low (by ,-~4% for 
e(E = 0), see Sect. 4.1.1). The impact of these effects is magnified in QRay due to 
the (e(E)) 2 dependence of the dominant term in Eq. (8). 

Ford and Browne [16] have computed QRay for H 2 at the Lyman e wave- 
length (1215.7 A). They used an expression for QRay that includes rotational fine 
structure [62] and obtained 2.265 x 10 -24 cm2; using their results for e(e) and 
y(c), at the appropriate wavelength, in the corresponding averaged result of Eq. 
(8), we obtain 2.292 x 10 -24 cm 2. The later result is ~ 1.3% lower than our value 
of QRay at the Lyman ~ wavelength. 

4.4.2. Molecular nitrogen. The results for QRay for N2, due to Dalgarno et al. 
[28], were calculated assuming the contribution of 7(E) in Eq. (8) is small relative 
to that of e(E); values of ~(E) were not available to these authors. A model 
isotropic dipole oscillator strength spectrum was construced in [28], through the 
use of then available DOS values, refractive indices, and sum rules for N2, and 
used to evaluate e(E) and hence QR~y. Using our results for e(E) and 7(E) we find 
that the contribution to QRay due to the second term in Eq. (8) is ~3 .3-3 .4% 
for 9000 A ~> ,~ ~> 3000 .&, increasing to 3.7%, 3.8%, 4%, and 7.4% at 2 = 2000, 
2822, 1519 and 1302/~, respectively. Thus the discrepancies between the values 
of Dalgarno et al. [28] and our results for QRay for 9000 ~ / >  2 f> 2000 A seem to 
be due to their neglect of the second term in Eq. (8) while for smaller 2 they are 
also due to unreliable results for e(E) as well. As pointed out by Dalgarno et al., 
their results for the refractive index of N2, and hence e(c), become less reliable 
for 2 < 2000/~. 

4.5. Verdet constants for H 2 and N 2 

Table 10 compares our calculated parameter r = V(e)/VN(e), where VN is given 
by Eq. (15) with r = 1, for H2 and N2 with literature results. The V(e) are taken 
to be the experimental measurements of Ingersoll and Liebenberg [30]. 

For H 2 our results agree with the recent ab initio calculations of Bishop and 
Cybulski [63] to within ~<.4% for all wavelengths considered in Table 10. The 
results of Langhoff [55] are in excellent agreement with these results. On the 
other hand, the random phase approximation calculations Of Martin et al. [45], 
which do not take account of vibrational and rotational averaging effects, are 
,,~ 9% higher for all 2. Apparently much of this discrepancy is due to the neglect 
of these effects which, according to Bishop and Cybulski [63], increase VN by 

10%. It is also relevant to point out that these authors [63] have evaluated 
V(e) directly, without recourse to the Becquerel equation, and have obtained 
results that agree with experiment to within the (probable [63]) experimental 
error of ~ 1%. 

For N2, the results of Langhoff [55] for r are from one to two percent lower 
than our values for all values of 2 listed in Table 10. 

It is interesting to compare the results of Table 10 with those of Darwin and 
Watson [31] based on the dispersion relation for the refractive index of H2 and 
N2 given by Cuthbertson and Cuthbertson [64] and older Verdet constant 
measurements [65]. They concluded that r = 1 and r = .63 for H2 and N2 
respectively; the latter result is in excellent agreement with those of Langhoff and 
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Table 10. Comparison of the DOSD results for the parameter r = V ( E ) / V N ( e ) ,  where V~v is defined 
by Eq. (15) with r = 1 and the V(E) are the experimental measurements of the Verdet constants due 
to Ingersoll and Liebenberg [30], for H2 and N2 as a function of wavelength 

Molecular hydrogen Molecular nitrogen 

2/A This work Bishop and Langhoff [55] Martin This work Langhoff [55] 
Cybulski [63] et al. [45] 

9875.0 0.9643 0.9684 0.9616 1.058 0.6636 0.6561 
8500.0 0.9552 0.9587 0.9539 1.045 0.6361 0.6288 
8000.0 0.9482 0.9511 0.9479 1.037 0.6350 0.6272 
7500.0 0.9380 0.9418 0.9370 1.028 0.6404 0.6327 
7000.0 0.9351 0.9381 0.9339 1.024 0.6401 0.6329 
6500.0 0.9452 0.9483 0.9452 1.035 0.6431 0.6362 
6000.0 0.9526 0.9559 0.9526 1.045 0.6453 0.6384 
5893.0 0.9520 0.9549 0.9513 1.045 0.6470 0.6399 
5780.0 0.9501 0.9530 0.9498 1.043 0.6447 0.6375 
5500.0 0.9480 0.9511 0.9476 1.040 0.6436 0.6371 
5460.0 0.9479 0.9511 0.9480 1.040 0.6433 0.6352 
5000.0 0.9527 0.9559 0.9522 1.047 0.6401 0.6348 
4500.0 0.9468 0.9493 0.9442 1.046 0.6388 0.6311 
4360.0 0.9437 0.9465 0.9421 1.036 0.6382 0.6296 
4000.0 0.9480 0.9512 0.9486 1.041 0.6393 0.6330 
3635.0 0.9542 0.9559 0.9552 1.054 0.6438 0.6361 

this paper. The parameter  r is "relatively" insensitive with respect to wavelength 
(see Table 10). 

5. Discussion 

The uncertainties in the results for  isotropic dipole properties, evaluated using 
the constrained D O S D  approach  used in this paper,  have been assessed previ- 
ously [1, 12, 22] when only experimental values o f  R~ (or  S_2 in some cases) and 
So = Z were used as constraints. For  properties that  depend significantly 
[3, 10, 12, 66] on the spectral regions which dominate  the constraints used in 
construct ing the DOSD,  namely Sk, Lk and Ik for  - 4  ~< k ~< 1, the uncertainty in 
the results are generally ~<2% for k = 1 and ~< 1% for the other values o f k  ~< 0. 
The errors increase slowly f rom -,~ 1% for k < - 4  and for k = 2 are ~ 3 %  since 
they are dominated  by uncertainties in the DOS input data  used to construct  the 
high energy por t ion o f  the DOSD.  These error  estimates apply (generally) for 
molecules for which reliable (experimental errors ~< a few tenths o f  a percent) 
molar  refractivity constraints, and a significant dipole oscillator strength data  
base, are available (for  example H2 and Nz). There can be exceptions to these 
estimates due to cancellation effects, depending on k and on the nature o f  the 
molecular spectrum, that can occur in the logari thmic dipole sums Lk [12]. 
Examples are discussed in Sect. 4.1.1 for  H2 and, as pointed out  there, the results 
for the "high energy" (k = 2, 1 and even 0) isotropic dipole properties obtained 
here are preferred, relative to the earlier results o f  Zeiss et al. [ 1], since reliable 
"high pho ton  energy" constraints are incorporated into the calculations reported 
in Sect. 4.1. 
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Based on our experience with isotropic dipole properties, and assuming the 
anisotropic constraints for He and N2 are reliable (errors ~<.5% for k = - 2 ,  
- 1 ,  ~< 1% for k---1, 2), the error estimates discussed above for the isotropic 
properties should apply, generally, to the anisotropic properties of H2 and N2 
obtained in this paper (probably including the Lk exceptions mentioned previ- 
ously). Indeed the uncertainties for the k = 1 and 2 properties will be less than 
indicated previously. 

The agreement between our results for the dynamic polarizability ~(e), and its 
anisotropy 7(e) for H2, as a function of wavelength, with the recent highly 
reliable ab initio calculations of Bishop and Cheung [17] and Rychlewski [18] is 
remarkable [Table 6] with the only significant difference occurring at the Lyman 

wavelength for 7(c) [the discrepancies between the ab initio results, and our 
value, are 3.8% and 7.1%, respectively]. A similar comment applies with respect 
to the Verdet constant calculations of Bishop and Cybulski [63], see Table 10. 
We emphasize, again, the importance of this ab initio calculation which does not 
rely on the Becquerel equation (15). 

Our DOSD results for H2 and N2, reported in Sect. 4, are often the most 
reliable, and sometimes the only reliable or available, values for many of the 
molecular properties considered (especially for N2). The importance of these 
dipole properties has been discussed briefly in Sect. 2. Also, for example, S_3/2 
and S_3 can be used to obtain lower and upper bounds, respectively, for van der 
Waals dipole-dipole dispersion energy coefficients [20, 67]. The anisotropic com- 
ponents of the dipole properties can be used to discuss the anisotropy of the 
properties as a function of k and molecule, see Sect. 2. Important examples are 
furnished by the parameters (I~, S~) and I~0 that help determine the straggling 
and stopping, respectively, of fast charged particles in matter [22-26, 68-71]. 
Defining the relative anisotropy of a property P by X(P) = (P II _ p±)/p, we 
obtain, from our recommended results of Sect. 4, X(I1) = -22 .6% and 3.6%, 
X(SI) = -22 .9% and -3 .3%,  and X(Io) = -21.7% and -15.6%, for H 2 and 
N2, respectively. These results suggest that the stopping of fast charged particles 
by H2 and N 2 will depend significantly on the orientation of the molecules with 
respect to the beam of fast particles, whereas the anisotropy of fast charged 
particle straggling effects will be large for H 2 and relatively small for N 2. A 
recent polarization propagator calculation, carried out at the random phase 
approximation level by Dierckson et al. [72], for a number of the dipole 
properties of N2 also indicates a signfieant anisotropy in the stopping power of 
N 2 . 

The DOSD methods used in this paper are the only approaches capable of 
yielding reliable results for all the dipole properties of molecules, both isotropic 
and anisotropic. Other techniques, based on less input data, can be of variable 
reliability [2, 3, 9, 20, 22, 73]. In principle purely ab initio methods can be em- 
ployed to calculate molecular dipole properties. In practice ab initio methods 
furnish accurate results only for small systems or for special cases; some of the 
ab initio results discussed in Sect. 4 provide good examples. 

Clearly ab initio calculations of the anisotropic components of the dipole 
sums $2, S~ and S_~ are an important (potential) source of anisotropic (and 
isotropic) constraints. Accurate ab initio results for these dipole properties are 
not easy to obtain, even for moderately small molecules, but such calculations 
are tractable since they require only ground state molecular wave functions 
[23, 25]. The relevance of reliable ab initio calculations for these properties (and 
for SC2 if available), in conjunction with reliable isotropic DOSDs, is clear from 
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their use in the construction of the _1_- and I[-DOSDs for H 2 and N 2 and in the 
evaluation of the corresponding dipole properties (Sects. 3 and 4 and [15]). As 
demonstrated in Sect. 4 and [15], another important source of anisotropic 
constraints are reliable experimental values of depolarization ratios [27] (Q~r(e)) 
coupled with accurate results for isotropic dipole polarizabilities. 

In order to obtain reliable results for the anisotropic components of all the 
molecular dipole properties (i.e. for all k) for H2 and N2 and other molecules, 
through use of the constrained anisotropic DOSD technique discussed here and 
in [15], reliable results for the k = -2(1)2  constraints are required. The number 
of constraints can be reduced considerably if only properties sensitive to the 
lower photon energy regions of the DOSD are considered. Thus, for example, 
reliable results for the anisotropic components of the dipole-dipole dispersion 
energy can be obtained through the use of accurate k = 0, - 1 ,  and - 2  (or Q f) 
anisotropic constraints for the interacting molecules [ 15]. 

The recommended anisotropic dipole properties SCk obtained from the an- 
isotropic components of the H2 and N2 DOSDs have been used to construct 
pseudo I[- and ±-DOSDs for these molecules [15]. These are reasonably compact 
discrete representations of the original anisotropic DOSDs that can be used to 
readily evaluate anisotropic dipolar dispersion energy coefficients for the interac- 
tion of H2 and N2 with each other and with other species [15]. These pseudo- 
DOSDs also yield all the properties in this paper, through their pseudo-spectral 
expressions [2, 13, 15, 42, 43, 74], to well within their estimated uncertainties. 
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